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Abstract 

A group action is said to be highly-transitive if it is fe-transitive for 
every fc > 1. The main result of this thesis is the following: 

I— I Main Theorem. The fundamental group of a closed, orientable sur- 

face of genus > 1 admits a faithfull, highly-transitive action on a count- 
ably infinite set. 

From a topological point of view, finding a faithfull, highly-transitive 
action of a surface group is equivalent to finding an embedding of the 
surface group into Sym(Z) with a dense image. In this topological 
I I setting, we use methods originally developed in [3J and [I, for densely 

embedding surface groups in locally compact groups. 

> 

^ 1 Introduction 

A permutation group G < Sym(X) is called k-transitive if it is transitive on 
ordered A;-tuples of distinct elements and highly-transitive if it is fc-transitive 
for every k £ N. When G is given as an automorphism group, it can of- 
ten be verified that the given action is highly transitive. This is the case 
for any subgroup of Sym(X) which contains all finitely supported permuta- 
tions, where X is any infinite set. Other examples include groups such as 
^ Homeo(5^) and many of its subgroups. But for most groups the question: 

"what is the maximal k for which the group admits a faithfull, fc-transitive 
action"? is wide open. 

It was shown by McDonough [1] that any non-abelian free group admits 
a highly transitive action. Another proof which is more useful from our 
point of view was later given by Dixon in f2^, using a Baire Category type 
argument. 

In this paper, we prove that a surface group (the fundamental group of a 
closed, orientable surface without boundry of genus greater than 1) admits 
a faithfull, highly-transitive action of countably infinite degree. 
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1.1 Topological interpretation 

Before we continue, we introduce some notation. 

Notation. We denote by 5oo = Sym(Z) the full symmetric group of a count- 
able set which we identify with the integer numbers. The action of G < 6*00 
on Z is always from the right and the image of an element a G Z under 
g G G is denoted by a^. If n G N then [n] will denote the set of all integers 
between —n and n. 

We define a group topology on 5oo where a basis is given by the sets of 
the form 



It is easy to see that if (/? G 6*00 and A C Z is any finite set then U{ip, A) is 
open in this topology. Notice that this topology is the restriction to Soo of 
the topology of pointwise convergence on the space of all functions Z — > Z 
and a straightforward proof shows that 5oo is a topological group which is 
completely metrizable. 

The problem of finding highly-transitive subgroups of 6*00 can now be 
approached via the following proposition, derived directly from the definition 
of the topology on Soo ■ 

Proposition 1.1. Let G < Soo- Then G is highly-transitive if and only if 
G is dense in Soo- 

1.2 The main result 

In view of proposition the main result can be reformulated as follows. 

Theorem 1.2 (main theorem). Let T = 7ri(Sg) be the fundamental group 
of an orientable surface of genus > 2. Then there exists a dense subgroup 
of Soo which is isomorphic to F. 

The methods used in this work to obtain dense embeddings of surface 
groups into Soo are analogous to those used in [3] and [1] to show that if a 
locally compact group contains a dense, free subgroup of every finite rank 
> 1 then it contains a dense surface group of every genus > 1. 5oo is not 
locally-compact but as we shall see, by prooving that Soo has a dense free 
subgroup of every finite rank > 1 with the additional property that certain 
elements of that free group generate a non-discrete cyclic group we can apply 
the same methods in our setting. 




2 



2 Dense Embeddings of Free Groups 



As a first step to proving theorem 1.2 we prove the following. 



Theorem 2.1. Let r > 2, let Wi = Wi{Ti, . . . ,Tr), {i £ N) be reduced 
words and assume that there exists j € {l,...,r} such that every Wi is 
not a conjugate of a power of tj. Then, there exist ti,. . . ,Tr £ Soo such 
that F = {ti, . . . ,Tr) is a dense, rank r free subgroup of Soo <ind such that 
{wi{Ti, . . . , Tr)) is non-discrete for every i £ N. 

We prove the theorem using Baire's Category Theorem. 

Definition 2.2. Let X be a topological space. A subset of X which is a 
countable intersection of dense, open sets is called residual or generic. 

Baire's theorem states that in a non-trivial, complete metric space, a 
residual set is dense. Since they are dense and closed under countable inter- 
sections, residual sets in a complete metric space can be thought of as being 
"large" . Dixon showed in [2j that if we denote 

U = {(n, ...,Tr) £ Sl^ I (n, . . . , r,.) is dense in ^oo} 

then the set of elements in U that freely generate a free group is residual in 
U. We use a somewhat different setting than Dixon in order to prove the 
existence of the desired dense free subgroups. Fix a £ Soo to be the shift 
permutation, i.e. Va G Z : a*^ = a -|- 1. We show that for every n > 1, the 
set of elements (ri, . . . , t„) £ S^ such that (a, ti, . . . , r„) has the properties 
stated in theorem |2.1| is residual is S^ . 



Lemma 2.3. Let j £ Soo- {l) < Soo is non-discrete if and only if the orbits 
of (7) are all finite and of unbounded length. 

Proof. Assume first that (7) has an infinite orbit A and let a £ A. Then, 
(7) n U{l,{a}) = {1} and so (7) is discrete. Now assume that the length 
of the orbits of (7) is bounded. Let m be the product of the lengths of the 
orbits of (7). So, 7'" = 1 thus, (7) is finite and hence discrete. 

Conversely, suppose that the orbits of (7) finite and of unbounded length. 
To prove that (7) is non-discrete it is enough to show that every basic 
neighborhood of the identity contains some non-trivial power of 7. Let 
71 G N and let A = U^^^Ai be a finite union of orbits of (7) such that 
[n] C A. By hypothesis, all the Aj's are finite. If we set m = Y[i=i \ then 
for every a £ A (and in particular for every a £ [n]) we have that a'''™ = a 
and since the orbit lengths of (7) are unbounded, there is an orbit of (7) 
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which is longer then m so 7"* is not the identity element. Thus, 7"* 7^ 1 is 
an element of the pointwise stablilizer U{id, [n]). Since such stabilizers form 
a basis at the identity, we are finished. □ 

Definition 2.4. Let 71,..., 7„ G 5*00 and let w = w{'ji, . . . ,^n) be any 
word. If w = W1W2 ■ ■ ■ Wn where Wi € {7i^^, • ■ • ,ln^} then the trace of an 
element a G Z under w is the ordered set 



tr„(a) = {a, a'^S a"'l^^ . . . , a"'^"'^-"'" = a^}. 

Lemma 2.5. Fix n € N and let w = w{a, ri, . . . , r„) be a reduced word which 
is not conjugated to a power of a. Then the following sets are residual: 



(1) 


T = 


{(ri,.. 


■,Tn) 






n,... 


, Tn) is a /ree group of rank n } 


(2) 


V = 


{(n,.. 




'-'00 




ri,... 


,Tn) is dense} 


(3) 


N = 


{(n,.. 


■,Tn) 




{w 


(o-,ri, 


. . . , Tn, )) is non-discrete} 



Proof. (1) Let vhe a reduced, non-trivial word on n+ 1 letters and consider 
the set 

= {(n, ...,Tn)eS^\ v{a,Ti, ...,Tn)^ 1}. 

If we prove that is open and dense in 5^ for every v as above then 
is residual since J- = O^-gLi^v Obviously, J-^ is open as the inverse image 
of the open set Soo \ {1} under the continuous mapping (ri,...,Tn) i— > 
v{a, Ti, . . . , Tn)- To prove that J^y is dense let (</?i, . . . , fn) £ >S'^ and let 
m G N. We prove that there exists {ti, . . . ,Tn) & J^v such that Tj | = | 
for every 1 < z < n. First, write 

v{a, n, . . . , Tn) = a^^via^^V2 ■ ■ ■ a^''VkO'^''+^ 

where G Z and Vi G {t^^, . . . ,Tn^} for every z. We want define the 
permutations Ti,...,Tn- Choose ai, . . . ,ak+i £ Z such that the numbers 
oi, . . . , Cfe+i, ai + ri, . . . , Ofc+i + rfc+i are all distinct and define (oj + rj)^» = 
Oi+i (e.g. if vi = T^^ define (ai + ri)'^5 = a2 or equivalently, define 
= ai + ri). Note that since all the integers involved in the definition 
of the Vi's are distinct and v is reduced, the definitions of the Vi's do not 
contradict each other. We now have that ai = a^+i +rfc+i and in particular, 
V is not trivial. In order to fulfill the condition that must send an element 
b G [m] to b'^'' we choose oi, . . . , Uk+i in a way that will not contradict with 
this requirment. Explicitly, choose 




4 



Note that we can always choose ai, . . . , ak+i in the manner described since 
we are only excluding a finite set of integers that we can not choose from. 
Now, every Tj is defined on [m] and on some other elements {61, . . . , be} C 
{oi, . . . , ttfc, ai + n, . . . , ttfc+i + r-fc+i}, sending them to {ci, . . . , q} respec- 
tively. Finally, choose any bijection 

/, : Z \ (H U {61, . . . , 64) ^ Z \ {[mf^ U {ci, . . . , q}) 

and define 



c"^' ,x e [m] . 

,x = bj for some j. 
c-^* , else. 



So we have that every Tj is a permutation which lies in the basic neighbour- 
hood of ifi defined by [m] such that v{a, ti, . . . , r„) is non-trivial. 

(2) Fix some k £ N and for every two A;-tuples x = (xi, . . . ,Xk) and 
y = (yi, . . . , Uk) of distinct integers consider the set 

-n - /r^ ^ ^ c 399 G (a,ri,...,r„) : \ 

I^x,y - |iri, . . . , Tnj G VI < j < /t : xj = / ' 

Notice that if (ti, . . . , r„) S Hx y ^x,y where x and y range over all A:-tuples 
of distinct integers then {a,Ti, . . . ,Tn) is A;-transitive. Thus, by proposition 
11.11 we have that 

^=nn^x,y 

keN x,y 

and we are left to show that X^x,y is open and dense for every x and y as 
above. 

First, fixx = (xi, . . .,Xk),y = (yi, . . . , y^) as above and let (n, . . .,Tn) G 
Dx,y By definition there exists ip G (cr, ri, . . . , t„) such that xf = yi for ev- 
ery i = 1, . . . , k. Let us write ip = v{a, ti, . . . , r„) where v = v{a, ri, . . . , r„) 
is a word on {a^^,Tf^, . . . ,t^^} and define A = Uf=i tri,(xj). A is finite 
and so the set 



i = 1, . . . , n 



is an open neighbourhood of (ri,...,Tn) contained in I'x.y Indeed, if 
{ipi, ...,tpn) take i = v{a,ipi, ...,'ipn) G {cr,ipi, ■ ■ ■,tpn), then by the 
definition of U, we have that ^ acts the same as ip = v{a, ti, . . . , r„) on 
and in particular, ^ sends Xj to yi. This shows that T>x,y is open. 



5 



Now we prove that ^?x,y is dense. Let . . . , G and m G N. 
Let r G N be such that xj + r ^ [m] and yj + r ^ [mj'^i for every 1 < j < k. 
Let 



/ : Z \ ([m] U {xi + r, . . . , Xfc + r}) 
be any bijection and define 



{[mf^U{yi+r,...,yk + r}) 



, X G [m] 



yj + r ,x = Xj + r for some 1 < j < k 
x^ , otherwise 



Now define Tj = (pi for every 2 < i < n and we get that (ri, . . . , r„) is an 
element of the basic neighbourhood of {^pi, . . . ,ipn) defined by [m]. Also, 
the permutation ^ = cr^ricr"'' G (a, ri, . . . , r^) sends each xj to yj thus, 
(n, • • • ,T„) G Px,y 



(3) By lemma 2.3 we can equivalently write 



{n,...,Tn)eS2 



The orbits of {w{cr, ti, . . . , Tn)) are all finite 
and of unbounded length. 



Thus, if we define for every t G N and a G Z: 

Ut = {{ti, . . . , Tn) G I {w{a, Ti, . . . , r„)) has an orbit of length > t}. 
Va = {(ti, • . . , Tn) G \ The orbit of a under {w{a, ti, . . . , r„)) is finite}. 

we get that AA = ( pteN ^t) ^ ( flaez ^a) • 

We now show that Ut and Va are open and dense for every t G N and 
a G Z. Let (n, . . . ,r„) G Ut and let b £ Z be an element belonging to an 
orbit of {w{a, n, . . . , t„)) of length > t. Thus, 6, 6"', fe"'", . . . , 6"''"' are all 
distinct. Let A = Uti^ *^««*(^)- '^^^ 



{ipl, . . . jV'n) G 5; 



i = 1, . . . , n 



-1 1 



.-11 



is an open neighbourhood of (ri, . . . , Tn) which is contained in Ut hence, Ut 
is open. 

Now, take (ri, . . . , t„) G Va and let A = {ai, . . . , a^} be the finite orbit 
of {w{a,Ti, . . . ,Tn)) containing a. Similarly 



G5S 



i = 1, 



.-11 
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is an open neighbourhood of (ri, . . . , r„) which is contained in Va- 

To prove Ut is dense, let {(fi, . . . , ipn) G 5^ and m G Z. In (1) we in 
fact showed that we can define ri , . . . , r„ G such that for every finite set 
^ C Z we have that ri|^ acts in any way we please and there exists some 
6 G Z such that V" ^ h where w = w{a, n, . . . , r„). By repeating the same 
argument we can find ri , . . . , r„ G S^o such that | = ipi | for every 

2 t— 1 

1 < i < n and such that there exists 6 G Z such that b,b'^,b'^ , . . . are 
all distinct i.e. {w(a, ri, . . . , r„)) has an orbit of length > t. 

Finally, we prove that Va is dense. Since {w{a, ti, . . . , r„)) has the same 
orbit structure as the cyclic group generated by any conjugate of w, we 
can assume without loss of generality that tt; is a cyclically reduced word 
that is not a power of a. Let (991, . . . , G and m G Z. Wc need to 
define permutations n, . . . , G S^o such that (ri, . . . , r^) G Va and every 
Ti agrees with ipi on [m] . This condition can be thought of in the following 
way: Ti is already defined on [m] for every i and t^^ is already defined 
on [m]*^* for every i (they act the same as (pi and 99"^ respectively) and 
we are left to define Tj on Z \ [m] (and t^^ on Z \ [m]*^*) in such a way 
that the orbit of a under {w{a,Ti, . . . ,Tn)) will be finite. First we write 
w{a, Ti, . . . , Tn) = W1W2 • • • li'fc. Now, wc start by applying the positive and 
negative powers of to a letter by letter: 

We We+l Wn-l W„ Wl 1112 Ws-1 , Ws 

— > c > . . . > a_i — > a = ao — > ai — > . . . > b — > 

where G Z is the first element such that we need to apply to it the permuta- 
tion Ws and Ws is not yet defined on b, that is, Wg = n for some i and b ^ [m] 
or Ws = T~^ for some i and b ^ [rn]^'. Note that if such an element b does 
not exist then, since by hypothesis at least one of the letters wi, . . . ,Wk is not 
a, the orbit of a under {w{a, (pi, . . . , ipn)) is contained in [m] U ( UILit'^l'^O' 
hence finite and we can just take = ipi for every i. We can thus assume that 
such a b exists. Similarly, c G Z is the first element we reach when applying 
letter by letter the negative powers of w to a such that wc need to apply to c 
the permutation wj^ and wj^ is not yet defined on c. As before, we can as- 
sume without loss of generality that such an element c exists. By hypothesis, 
w is cyclically reduced and so the word WsWs+i • • • WkWi ■ ■ -w^ is reduced. 
Also, by their definition, Ws,W£ 7^ a^^. We wish to define ri, . . . , r„ in such 
a way that l)WsWs+i---WkWi---we _ ^ ^-g^^^^ q£ ^Q^^jj-gg fulfilling the condition that 

Ti agrees with ipi on [m]). By repeating the argument made in (1), we can 
find two distinct elements di,d2 G Z that do not lie in [m] or any [m]'^* such 
that Ws+i • • • WkWi • ■ ■ W£-i sends di to d2 and define 6"'" = di, = c. 
From this we get that = ^ ^ ^ ^i^^g^ ^i^g 
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orbit of a is finite. Now, every is defined on [m] and maybe on finitely 
many more elements. Again, exactly as we did in (1), we can extend the 
definition of Tj to Z and get permutations ti, . . . , r„ satisfying the required 
conditions. □ 



proof of theorem 2.1 Let j G {1, . . . , r} be such that every word Wi is not a 
conjugate of a power of Tj. If we set Tj = a then by lemma 2.5, the set 



Wi 



(n, . . . ,Tj-i,Tj+i, ...,Tr)eSl 



(ri, . . . , Tr) is a dense, rank r free subgroup 
and {'Wi{Ti, . . . ,Tr)) is non-discrete 



is residual and so HieN residual and in particular, not empty. 



□ 



3 Eventually Faithfull Sequences 

Definition 3.1. Let G and H be groups. A sequence of homomor- 

phisms from G to H is eventually faithfull if for every g £ G there exists 
no € N such that g ^ ker(/„) for all n > no. 

In order to prove the main theorem, we will need to produce eventually 
faithfull sequences of homomorphisms from surface groups to free groups. 
The following constructions apear in [3] and [1] . Let T = T2r be the surface 
group of genus 2r (r > 1). We have the following presentation for T 

T = {ai,a\. . . , Qr, 4, bi, b[, . . . , br, b[ \ [ai, a\] ■ ■ ■ [a,., a[]%, br]--- [b'l.bi]). 

Let X = [ai, a'^ • • • [flrj a'r] and let /i : L — > L be the Dehn twist around x, i.e. 

h{ai) = ai h{bi) = xbiX~^ 
h{a'i) = a'i h{b'i) = x6-x~^ 

Let F be the free group on 2r free generators {(/Ji, 99']^, . . . , (/j^, and let 
k :T ^ F he the homomorphism defined by 

k{ai) = k{bi) = ipi 
k{a[) = k{b[) = 

Consider the map that folds the genus 2r surface that has T as its funda- 
mental group across the curve corresponding to x (this curve seperates the 
surface into two equal parts). The image of this map is a surface of genus 
r with one boundry component so it has F as its fundamental group, k is 
the homomorphism induced on the fundamental groups by this folding map 
(see figure 1). Denote /„ = /c o /i". 
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Lemma 3.2 (Breuillard,Gelander,Souto, Storm The sequence {fn}^=i 
is eventually faithfull. 

We now construct an eventually faithfull sequence of homomorphisms 
from an odd genus surface group into a free group. Let T = r2r+i be a 
surface group of genus 2r + 1 (r > 1) with the presentation 

r = (ai, a'l, . . . , ttr, a[., b, b' , ci, c'^, ... ,Cr, c', | [oi, o'l] • • • [a-r, a'^] [b' , b] [c'l, ci] • • • [4, Cr]) 

Denote x = [oi, a[] ■ ■ ■ [ur, a'^]b' and let F be the free group on 2r + 1 free 
generators {ipi,ip[, . . . ,ipr,(Pr,T}. Let 5 : L — > L and : L — > L be denh 
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twists around x and b' respectively, that is 



5{ai) 


= ai 


C(ai) 


= Oj 


(5(a-) 


= 




/ 

= 


5{b) 


= xb 




= &(^') 


m 


= b' 




= 6' 




— X oc 


C(q) 


= Ci 




1 -1 

= XCjX 




1 

= 



Notice that b and ^ commute. 




Figure 2: 

Let A; : r — > F be the map induced by folding the 2r + 1 surface across 
the curves x and b' (these curves seperate the surface into two surfaces of 
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genus r and two boundry components). Explicitely, 



k{ai) = ifi 

Ka'i) = '^i 
k{b) = 1 

m = r 

Kc'i) = 

(see figure 2). Finally, denote />„ = /c o (5 o QY' . 

Lemma 3.3 (Barlev,Gelander [Ij). The sequence is eventually 

faithfull. 

4 Proof of The Main Theorem 

We will need the following results. 

Lemma 4.1. Let '^^ip ^ Soo be such that both {(p) and (ip) are non-discrete. 
Then {{ip,ip)) < 5^ is non-discrete. 

Proof. We prove that every basic neighbourhood of (1,1) contains a non- 
trivial element of {{ip,'ip)). Let m G N. Let A = IJi=i ^^"^ = IJi=i 
be finite unions of orbits of {f) and {tp) respectively such that [m] C A and 



[m] C r. From proposition 2.3 we have that all the orbits of {(p) and (ip) 



are finite and so we can define the number 

e k 

niA.i n 



n 

1=1 i=l 



Notice that every element of A is fixed by and every element of F is 
fixed by ip'^ and in particular every i G [m] is fixed by and tp'^. From 



proposition 2.3 we also have that the lengths of the orbits of {ip) and (ip) 
are unbounded and in particular {(p) and {^p) both have an orbit of length 
greater then n and so (/?"■ and ip"' are non-trivial. Thus (</?, ^p)^ is a non- 
trivial element contained in the basic neighbourhood of (1, 1) defined by 
[m] X [m]. □ 

Lemma 4.2. Let G be a Hausdorff topological group and let j £ G such 
that (7) is non-discrete. Then, for every no € N the set {7" | n > uq} is 
dense in (7). 
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Proof. First we notice that since (7) is non discrete then also (7) is non 
discrete. Let U Q (7) be open then we have 7™ G U for some m G Z. If 
m > no we are done so assume m < uq. Now, If we denote 

U' = C/7-'" 

u" = u'n{u')-^ 

Then U" is an open symmetric identity neighborhood and since (7) is non 
discrete, U" is not finite. Now take 

U = U"\{-f'' : \k\ <no-m}. 

We have that U is open (since G is Hausdorff) and non empty, thus there 
exits n G Z such that 7" G U. By the definition of U we have that \n\ > uq — 
m. Also, since U C U" and U" is symmetric it follows that 7", 7"" g U" C 
U'. Hence, 7"+™, ^-n+m ^ jj since either n + m > no or — n + m > no 
we are done. □ 



4.1 Proof of theorem 1.2 for even genus 



By theorem 2.1 there exists a subgroup F < Soo such that F is dense, free 
with 2r free generators , (^'^^ , . . . , (/j^ , ^ ^oo and such that ([</?i, V'l] ■ ■ ■ ['/'d f'r 
is non-discrete. Denote 7 = [tpi, f'l] • • ■ [ipr, ^r] and $7 = (7). Let F = F2r be 
a surface group of genus 2r (r > 1) with the presentation 



F = (ai, a'l . . . , Or, a'j., bi, b'l,..., br, b[ \ [ai, a'J • 
Define for every u; G 17 a homomorphism /^^ : F 



5*00 by 



[h'lM]). 



fuj{ai) = if. 
fUa'i) = 'p. 

Uh'i) 



UJifiUJ 



Since every G 17 commutes with 7 this defines a homomorphism. Indeed, 
for every a; G 17: 



1. 
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r2 is a completely metrizable space and every element of 0, corresponds to a 
homomorphism T Soo whose image contains F, hence the image is dense. 
We are left to show that at least one of those homorphisms is also faithfull. 
In fact, we show that x = £ ^ I /a; is faithfull} is residual in 0,. 

For every 5 G T \ {1} denote Xg = W ^ ^ \ /t^Cs) / !}• Notice that 



X 



n 



9er\{i} 



From lemma 3.2, the sequence {/7"}neN is eventually faithfull and so for 
every 17 € F \ {1} there exists no G N such that 7" € Xg n > uq. By 

we have that {7" | n > uq} is dense in 0, and so, Xg is dense in 



4.2 



lemma 

Q. Xg is also open as the inverse image of the the open set Soo \ {1} under 
the continuous map uj — > fu){g)- This shows that x is residual in 17. □ 



4.2 Proof of theorem |1.2| for odd genus 

Let F = F2r+i be a surface group of genus 2r+l (r > 1) with the presentation 

F = (ai,ai, . . . ,0^,0^,6, 5', ci,Ci, . . . ,Cr,c^ \ [ai,a^ ■ ■ ■ [a.^, 4] [6', 6] [c'l, ci] • • • [4,Cr]) 

Let F < Soo be a dense, free subgroup with 2r+l free generators ipi,ip'i, . . . ,ipr,^Pr,T £ 
Soo such that (r) and {[^fi, (f'l] • • • [(fr, v'r]'^) are non-discrete (the existence of 



such a free subgroup is assured by theorem 2.1 ). Denote 7 = [(/^i, (/?'^] • • • [cpr, (p^jr 
and O = ((7, r)) C S^. For every (V'jC) £ ^ we define a homomorphism 
/(V.,C) : F ^ 5oo by setting 



Since every £ ^ commutes with (7, r) we have that is well 

defined as a homomorphism because 

■ ■ ■ [ar,a^][b',b][ci,ci] ■ ■ ■ [c^,Cr]) = 

V ' 

=7-7-1 

= '~flp^~^(_T~^TJ~^Tp~^ = 7'07~"'"'0~"'" = 1. 

Notice that /(^n^r") = Pn (as defined is Chapter Isj) for every n G N and so 
by lemma 3.3 the sequence fi^^n^^n^ is eventually faithfull. 
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The image of every homomorphism /(-yn ,^n) contains F, hence the image 
is dense. Finahy, we show that x = £ ^ I f{i>,0 faithfuh} is 

residual in the completely metrizable space J7 and in particular, x ^■ 
For every 5 G F \ {1} we denote Xg = £ ^ I f{i,,i){9) / !}• As in 

the previous section, Xg is open as the inverse image of an open set under 
a continuous map. Since f{^«^T^) is eventually faithfull there exits no G N 
such that /(^n ,-n) G Xg for all n > uq. Since (r) and (7) are non discrete 



we get from lemma KTl that J7 is non-discrete and so by lemma 4.2 we have 



that {(7",t") I n > no} is dense in Jl. This shows that Xg is dense, hence 

X= Xg 
ser\{i} 

is residual. 
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